1. Introduction. In a recent investigation [7] the problem of factoring numbers of the form 22p + 1, p a prime, was encountered. Since 22p + 1 = (2P -2*<p+1) +1) (2P + 2è(p+1) + 1 ) for odd p, the problem consists of factoring the two trinomials on the right. In this paper the results of a search for factors of these trinomials are given, as well as a determination of the nature of certain of these numbers for which no factor was found.
viously known [2] . For 250 < p < 1200 all factors > 300,000 are new, and are therefore not indicated by . A dot following the final factor means that the nature of the complementary factor is unknown.
(ii) A complete factorization was accomplished for BM , AS3, and Am , the primality of the complementary factor in each case being assured by the non-existence of a factor below its square root. The factorization of BM is of particular interest, since this number appears in [2] and [3] as a prime.
The author would like to thank Mr. K. R. Isemonger for providing the complete factorization of B97, as well as the much sought after factorization for A 71, which, previous to his attack on the number, had only been known to factor into the product of two primes.
(iii) A program was written to test the divisibility and multiplicity of all known factors, with the result that all factors were found to be correct, but none was found to be multiple.
C. The Program. The structure of the search program was similar to that described in [1] . In particular, for each p a table of differences was computed from the first 1155 = 3-5-7-11 terms of the sequence 4pfc + 1, k = 1, 2, • • • , that remained after the multiples of 3, 5, 7, and 11 had been sieved out. This table was used repeatedly by the program to produce a sequence of trial divisors, among which the factors, if any, were to be found. The remainders of Ap and Bp for each trial divisor were calculated by residue methods, both remainders being calculated at the same time because of the similarity in form of Ap and Bp . The occurrence of a 0 remainder in this calculation signalled the discovery of a factor of one of the two numbers, but not both, since obviously they are relatively prime. To examine each Np required from 5 to 15 minutes, the N" for the larger p's requiring a shorter time.
Primality Testing.
A. At the conclusion of the search for factors, the primality of several numbers of immediate interest, namely, An and Am , was still in doubt, because no factor had been found. It was then noted by Professor D. H. Lehmer that the primality of numbers of the form under consideration could be decided by Proth's Theorem [5] : "If M = fe-2* + 1, where 0 < k < 2", and (~J = -1, then M is prime iff aKM-i> m _ l (mod M) " In the present case AP,BP = M = (2Up~1) ± 1 ) ■ 2*(p+1) + 1, with 0 < k = 2S(P_1) ± 1 < 2i(p+1) for p an odd prime, the value of a being easily obtained from the reciprocity law for the Jacobi symbol.
A program was accordingly written by Professor Lehmer for the IBM 701 to calculate the required residues. The modulus used for each test was Np rather than the Ap or Sp in question, so that the reduction of the successive powers could be accomplished by multi-precision subtraction instead of division by a multi-precision divisor. The remainder thus produced was further reduced mod Ap or Bp by a subtractive routine written by the author. The final residues in binary from both routines have been preserved on IBM cards for later checking purposes.
B. It is believed that the two testing programs were accurate, since the anticipated results were obtained in every trial case save one. In this case, B59, a discrepancy existed between the literature, which stated the number was prime, and the test routine, which stated the opposite. The number was immediately run on the factoring program, and much to the satisfaction of all concerned, a factor was found, and the test routine was exonerated.
A further verification of a kind has come from Mr. Isemonger, who, acting on the test results that An and B97 were composite, succeeded in finding the factorizations mentioned above.
C. All Ap and Bp , 71 ^ p ^ 757, for which no elementary or other factor was known, were tested for primality. In all, 50 numbers were tested, with the result that 14 of them were found to be prime. These are listed as prime in the accompanying table, while the remaining 36 composite numbers are indicated as such by a "c" in the proper positions of the table.
Each number with 71 :£ p ^ 457 was tested twice with complete agreement in the results. No number for p > 457 was tested twice, for testing a single number in this range required approximately 30 minutes.
5. Acknowledgements. The author would like to express his gratitude to Professor Lehmer for his very generous contributions of time and effort in constructing the primality test, which has brought this paper to such a satisfactory conclusion. In addition, he would like to thank Dr. John Selfridge for his careful reading of the preliminary manuscript, and Mr. Vance Vaughan and Robert Innes for their assistance in the production phase of the program.
University of San Francisco San Francisco, California
